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Abstract

In this paper, we propose a new mapping of the Cyclic Elimination (CE) algorithm
for the solution of block tridiagonal linear system of equations onto hypercube multi-
processors. Unlike the previous mapping schemes, in our mapping of the CE algorithm
all communications are restricted to physically adjacent processors, using the concept
of data replication. The effectiveness of our mapping is demonstrated by comparing
it with the existing mapping of the Cyclic Reduction algorithm onto hypercubes using
both analytical and simulation methods.
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1 Introduction

The numerical solution of block tridiagonal linear system of equations is one of the impor-
tant classes of problems which occurs in many areas of numerical analysis such as solving
partial differential equations using finite difference schemes. The most efficient method for
solving block tridiagonal linear systems on a uniprocessor is the Block Gaussian Elimination

(BGE) [17]. However, the BGE algorithm is not suitable for multiprocessor environment
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because of lack of adequate parallelism. On the other hand algorithms such as block Cyclic
Reduction(CR) [3], Buneman’s algorithm [15], block Cyclic Elimination(CE) [16, 17] and
recursive doubling [4] exploit the inherent parallelism present in the problem. For efficient
implementation of these algorithms on multiprocessors, the principal challenge lies in reduc-
ing the overhead involved in communication between processors. This aim can be achieved
by using efficient mapping schemes and overlapping the communication and computation
steps.

A mapping of any algorithm onto a hypercube is said to be desirable if all communica-
tions are restricted to physically adjacent processors. However, the following (statement)
result due to Lakshmivarahan and Dhall [4] relates to non-existence of a desirable mapping

of the CR and CE algorithms onto base-2 (binary) hypercube.

“In any mapping of the CR or CE algorithm onto a p-node base-2 hypercube, it is nec-

essary that at least 1o§p — 1 steps involve communication between processors that are at a
distance two or more apart.” (For proof refer to [4], pp 364-365.) Further, it has been shown
by Johnsson [18] that upon using the binary reflected Gray code mapping [9], the distance
between any two communicating processors is no more than two. However, we show, in this
paper, that it is possible to obtain a desirable mapping of CE algorithm onto hypercube

multiprocessors using the concept of data replication.

Complete details about mapping of CR or CE algorithm onto a hypercube multiprocessor
can be found in [4]. Here we give a brief overview of the major differences between the CR
and CE algorithms. The CR algorithm consists of two phases - reduction and substitution.
The CE algorithm consists of only one phase, namely, reduction. The degree of parallelism in
the reduction phase of CR algorithm halves with every consecutive stage. On the other hand,
the degree of parallelism in the reduction phase of CE algorithm remains constant through
all stages. Thus, theoretically, CE algorithm ought to be preferred over CR algorithm. How-
ever, the communication overhead incurred in the existing mapping of CE algorithm onto
hypercubes is much higher than that of CR algorithm. In particular, the communication
graph of the CR algorithm is a sub-graph of the communication graph of CE algorithm.
The communication overhead incurred by the existing mapping of CE algorithm becomes
costly, especially since successive stages of the reduction phase call for data communication
between processors which are not neighbours. A large number of such multiple hop data

communications lead to link contentions and, consequently, lower performance.



In order to gainfully exploit the higher degree of parallelism of the CE algorithm we
propose an improved mapping of the CE algorithm onto a hypercube multiprocessor with
which the data communications are restricted to occur between neighbouring processors on-
ly. This is achieved by efficient duplication of data at every stage of the algorithm. Thus
the problem due to link contentions are overcome and better performance achieved. To the
best of our knowledge, the existing literature does not contain any algorithm which solves
the block tridiagonal linear systems on a hypercube using only neighbouring processor com-
munication. Two significant features of our algorithm are that, the computational load is
balanced among all the processors at all stages of the algorithm and secondly, much of the

communication gets overlapped with computation giving an overall better performance.

The rest of the paper is organised as follows. In section 2, we make a problem statement
and introduce some notations which will be used in the subsequent sections. In section 3, we
discuss the sequential BGE algorithm on a uniprocessor, and the parallel CR and CE algo-
rithms. In section 4, using an example, we first look at the existing schemes for mapping CR
and CE algorithms onto hypercube multiprocessors and then present our improved mapping
scheme for the CE algorithm followed by its analytical performance study. In section 5, we
present numerical results for the speedups obtained from our new mapping scheme and the
existing mapping of CR algorithm, and compare the two schemes. Section 6 concludes the

work with some pointers for future research.

2 Problem Statement and Notations

The block tridiagonal matrix A is defined as

di f
ey do f 2

en—1 dy—1 fN—1

EN dn

where the components e;, d; and f; are n X n matrices (or blocks) with e; = fy = 0. There
are N such blocks along principal diagonal of A where N is a power of 2. So the overall
dimension of A is (Nn) x (Nn). We are to solve the system AX = v, where the vector

X = (21, 22,...,zx)", the vector v = (v1, v, ..., uy)?, the components z; and v; are n-vectors



and
€;T5_1 + djiL'j +fjl'j_|_1 =v , j = 1, .. .,N.

The CR algorithm for solving the system Az = v consists of the reduction phase followed
by the back substitution phase. Each of these two phases, in turn, is divided into log NV
stages. The CE algorithm consists of reduction phase alone which is divided into log NV

stages. In both CR and CE algorithms, at the beginning of stage [ = 1 of the reduction
(0)

phase, we define the 5-tuple row; ’ as

TOUJEO) = (61(0)’d1(0)7 (d,(o))‘l,fi(o),vgo)) = (€z'; d;, (di)_lafiavi)-

At each stage [ € {1,...,log N} of reduction phase, we define the tuple rowgl) as

2

ron® — § @A @00 vie (1, N
(0,1,1,0,0) , Vi<Oori>N.

Here el(-l) is the value of e; at the end of stage [, fz-(l) is the value of f; at the end of stage

[ and so on. The matrix I is the n x n identity matrix. Note that (dgl))_1 is included as a

member of the tuple rowfl). This is done because, the inverse, once computed at a source

processor, can be transferred along with the tuple mwfl) to other processors which need it,
thus avoiding its re-computation at the destination processors. Figure 1 gives an example of

the above notations for an 8 x 8 block tridiagonal system.

dq f1 I U1
es dy f2 T9 Vo
er dr fr 7 vr
es dsg zg vg
A T = v
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Figure 1: An 8 x 8 block tridiagonal system and listing of rowgl) at various stages



3 Solving Block Tridiagonal Linear Systems

In this section, we first briefly present the theoretical concepts behind the sequential BGE
and then the parallel versions of CR and CE algorithms.

3.1 Sequential Block Gaussian Elimination (BGE)

There are two phases in this algorithm - forward elimination and back substitution. Com-

putation within each phase is completely sequential in nature.

Algorithm 1
(*Forward elimination phase*)
for 1 =2to N do

Calculate (d;_;)™"

ai =e;(d;i1)!

ei=0
di =d; —a;fi
fi=1ri

Ui = Vi — QiVi—1
endfor
(*Back substitution phase*)
Calculate (dy)*
zy = (dy)'oy
for i = (N — 1) downto 1 do
z; = (di) " (vi = fimin1)
endfor.

The time taken for calculating the inverse of an n X n matrix block, using the ezchange
method, is Ty, = 3n® — 4n? + 2n computational time units. Multiplying two n X n matrices
takes T, = 2n —n? time units, whereas multiplying an n x n matrix with an n-vector takes
TI

it = 2n? — n time units. The sequential BGE algorithm executes N matrix inversions,

2(N —1) matrix-matrix multiplications, 3N — 2 matrix-vector multiplications, N — 1 matrix
subtractions, and 2(N — 1) vector subtractions. Summing up all the components, this step
takes

Tpee = N(3n® —4n® +2n) +2(N — 1)(2n* —n®)+ (BN —=2)(2* = n) + (N = 1)n* +2(N — 1)n

= (N —1)(7n® + n® + n) + (3n® + 2n? 4+ n) time units.
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3.2 The Basic Elimination Step

Both CE and CR algorithms, have a basic elimination step in common. We name this step

Compute row , where ¢ € {1,..., N} is the index of a row of blocks and [ € {1,...,log N}

0

is the stage belng considered. Let h = 2¢=1). The Compute row;” step eliminates the depen-

dence of equation ¢ on the variables x;,, and z;_, by subtracting appropriate multiples of

0

equations 7+ h and 7 — h from equation i. The Compute row;’ step consists of the following

computation steps.

o = _e0 (@l5D)
l l [ 1
O = —f< (d)
(l) ORG hl)
- 1 l l—1 [ -1
d() d )f_h)+bf-)e§+h)

Calculate (d(l))

£ =0 Y
7 (2 7
(l) =U§l_1)+a(l) (I-1) +b(l (I-1)

U, Vi—h z—l—h

The Compute rowz@

step involves six matrix-matrix multiplications, two matrix-vector mul-
tiplications, one matrix inversion, two matrix additions, and two vector additions. Summing

up the components, this step takes e = (15n® — 4n? + 2n) time units.

3.3 The Block Cyclic Reduction Algorithm (CR)

The CR algorithm consists of two phases, namely reduction ( or elimination) phase and back
substitution phase. These two phases are essentially sequential although the computations
within each phase can be carried out in parallel. Therefore, the total parallel time is the
sum of the individual parallel times. Figure 2 shows the pattern of elimination and back

substitution steps for the case of N = 8 block equations.

Algorithm 2
(*Reduction phase*)
1. for [ =1 to log N do
B = 90-1)
for i € {2',2 x 2,3 x 2!,... log N}do in parallel
Compute rowfl)
endfor

endfor
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stage 1 stage 2 stage 3 stage 1 stage 2 stage 3

Figure 2: Elimination and back substitution pattern in CR algorithm for N=8

(*Back substitution phase*)
2. Ty = (dg\l,ogN))*lvk}gN
3. for | =log N downto 1 do
h = 2(l_1)
for i € {2071 3 x 207D 5 x 201 N —2(-1)1do in parallel
T; = (d(lfl))_l(v(lfl) _ e(l*l)xi_h _ f‘(lfl)‘rﬂ_h)
endfor

endfor.

3.4 The Block Cyclic Elimination Algorithm (CE)

The CE algorithm consists of only the elimination phase followed by a single step division.
Here the elimination phase recursively converts the given system of equations into two inde-
pendent systems of equations each of which can be solved in parallel using the CE algorithm.

Figure 3 shows the pattern of Compute rowzgl) steps for the case of N = 8 block equations.

Algorithm 8
1. for [ =1 to log N do
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h = 2(l71)

for i € {1,2,..., N}do in parallel
O]

Compute row,

endfor
endfor

2. fori € {1,2,..., N}do in parallel
z; = (d(logN))—lv(logN)

2

2

endfor.

4 Solving Block Tridiagonal Linear Systems on Hyper-

cubes

The hypercube, one of the most popular architecture for multiprocessor systems, is a gener-
alization of a cube to d dimensions such that each of the 2¢ processors has d neighbours. In
this section, we present an improved mapping of the CE algorithm on a hypercube multipro-
cessor which achieves neighbouring processor communication by efficient use of the concept
of data duplication. We begin by comparing the three mapping schemes, namely, the ex-
isting mapping of the CR algorithm, the existing mapping of the CE algorithm, and our
improved mapping of the CE algorithm with the help of a simple example. We then proceed
to formally present our algorithm and explain the various steps.

4.1 Comparison of the Three Schemes

Let us consider the simple problem of solving a block tridiagonal system with N = 16 block
equations and block size 1 x 1 (i.e., n = 1) on a two-dimensional hypercube (i.e., there are
four processors in the hypercube). We trace the step by step execution of each of the schemes
below and calculate the time taken in each case. For the sake of simplicity, we consider only

the non-overlapped execution of computation and communication steps.

We define the following notations to make our comparison clearer.

e p;. symbolically represents the kth processor of a hypercube.

e p represents the number of processors in a hypercube. Thus the dimension of the

hypercube is logp.



e c represents the number of operations involved in executing the Compute rowgl) with

no communication overheads. As shown in section 3.2, this works out to be e =

15n® — 4n? + 2n computational time units.

e s represents the number of operations involved in executing one back substitution step,
which involves three matrix-vector multiplications and two vector subtractions. This

works out to be s = 6n2 — n computational time units.

e Communication to Computation ratio, C'/E, represents the the ratio of time taken to
communicate one floating point value between two neighbouring processors to the time

taken to execute one floating point operation.

e T, represents the time taken to communicate the contents of an n x n matrix block
between two neighbouring processors. This works out to be n?(C/E) computational

time units.

e T, represents the time taken to communicate the contents of a 5-tuple row,@ between
two neighbouring processors. This works out to be 57, = 5n*(C/E) computational

time units.

e kth dimension of a hypercube is represented by a set of links each of which connects
some processor p; to its neighbour py, such that j is obtained by inverting the kth bit

in the binary representation of j.

4.1.1 Existing Mapping of the CR Algorithm

Figure 4 shows the step by step execution of the CR algorithm for solving the tridiagonal
system of 16 equations using a hypercube of four processors. The equations are initially
mapped onto processors in a block wrap manner (see figure 4(a)). The reduction phase of

the mapped algorithm consists of 4 (i.e., log16) stages. The first stage consists of a one

hop communication of tuples rowéo) (from processor p; to py), rowéo) (from p3 to py), rowgg)

(from py to p3) followed by the computation steps Compute rowél) and C'ompute rowil) at

po, Compute rowél) and Compute rowél) at p;, Compute row%) and Compute rowg) at ps
and Compute rowﬁ) and Compute row%) at po. This completes the first stage of reduction

(
i

phase. Similarly, second and third stages involve one hop communication of row 2 tuples
and one step each of the form Compute rowz@. Stage 4 consists of a two hop communication
of rowé?’) from p; to py followed by the step Compute TO’U)%). The substitution phase of the
algorithm follows a completely reverse pattern of communication and can be described by

reversing the order of the stages and the direction of the arrows in the reduction phase. The

10
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Figure 4: Progression of the CR algorithm with the existing mapping for N=16 and p=4
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Table 1: Counts of tasks executed by the CR algorithm

task count task count
stage | T, e stage | Ty s
. 1 1 2 L 1 2 1
Reduction phase Substitution phase
2 1 1 2 1 1
3 1 1 3 1 1
4 2 1 4 1 2

U

data items communicated are the floating point values of the variables z; (instead of row,

as in reduction phase).

The counts of various tasks executed at each stage of the algorithm are summarised in
table 1. We see from table 1 that it takes 57, + 5e computational time units for the reduction
phase, followed by a division step, followed by 57, +5s units for the substitution phase. Thus
the total execution time is Tocgr = 5(T.+T3) +5(e+ ) + 1 units. Typically the communication
to computation ratio( C/E ) is of the order of 100. Thus with N =16, n =1 and p = 4 we
have T, = 500, T, = 100, e = 13 and s = 5. Thus Tgr = 3091 computational time units

from the above expression.

4.1.2 Existing Mapping of the CE Algorithm

Figure 5 shows the step by step execution of the CE algorithm for solving the tridiagonal
system of 16 equations using a hypercube with four processors. The equations are initially

mapped onto processors in a block wrap manner (see figure 5(a)). The algorithm consists of

only reduction phase which has 4 (i.e., log 16) stages. In the first stage, rowéo) tuple is com-

municated from p; to py preceding the step Compute rowfll). Simultaneously, rowio) tuple

is communicated from py to p; preceding the step Compute rowél) and so on. Thus stage
( O]

1 consists of one-hop communication of rowil) tuples followed by four Compute row;” steps

per processor. At the end of stage 1, there are two independent sets of equations, namely,

{1,3,5,7,9,11,13,15} and {2, 4, 6,8,10,12, 14, 16}. Similarly, stage 2 consists of two one-hop

(0 ®

communication of row,;” tuples followed by four Compute row;” steps per processor. At the

end of stage 2 there are four independent sets of equations, namely {1,5,9,13}, {3,7,11, 15},

{2,6,10,14}, and {4,8,12,16}. Stage 3 consists of four one hop communications of T0w§l)
O]

tuples followed by four Compute row,;”’ steps.

12
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(d) stage 4 - first hop

(e) stage 4 -second hop and elimination

Figure 5: Progression of the CE algorithm with existing mapping for N=16 and p=4



Table 2: Counts of tasks executed by the CE algorithm with the existing mapping

task count
stage T, e
1 1 4
2 2 4
3 4 4
4 | 8(2hops) | 4

The counts of various tasks executed at each stage of the algorithm are summarised
in table 2. We see from table 2 that communication overhead doubles with each stage as
the number of independent sets of equations doubles at each stage. Further, the last stage
0

consists of four consecutive two-hop communication of row;”’ tuples. Stage 4 is followed
by four divisions per processor. Thus the total execution time taken in the present case is
Ter = 15T, + 16e + 4 computational time units. Substituting the values for T, and e, we
get Top = 7712 time units. Thus, in the present case, the existing mapping of CE algorithm

performs poorly in comparison to the mapping of CR algorithm onto hypercubes.

4.1.3 The Improved Mapping of CE Algorithm

Figure 6 shows the step by step execution of our improved mapping of CE algorithm for
solving the tridiagonal system of 16 equations using a hypercube with four processors. In
this improved mapping scheme, all the communication steps occur between neighbouring
processors only. The initial distribution of data is as follows. We divide the processors of the
hypercube into two sets - {po, p1} and {ps, p3} - the former being the set of processors in the
lower half of the hypercube along 2nd dimension and the latter being the set of processors in
the upper half of the hypercube along the 1st dimension. The 16 equations are then mapped
onto each of the two sets of processors in a block wrap manner. Thus we get the initial data
distribution as shown in figure 6(a). There are logp stages of the improved mapping. Each
of the first logp — 1 stages ( only the first stage in the present case) consists of two phases
- elimination and replication (copying). The elimination phase corresponds to the reduction
®

; steps are executed. Thus in stage 1

of the algorithm (figure 6(b)), the processors in the set {py,p1} execute Compute Towgl)

stage of the CE algorithm in which C'ompute row

steps for odd-indexed equations and the processor set {ps, p3} executes Compute Towgl) for
(

even-indexed equations. This involves a one-hop communication of Towil) tuples followed by

14
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(a) initial data distribution
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(b) elimination phase at stage 1
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(c) copying phase at stage 1

481216 (p3) (p1) 371115
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(d) after elimination at stage 2

Figure 6: Progression of the CE algorithm with improved mapping for N=16 and p=4
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Table 3: Counts of tasks executed by the CE algorithm with improved mapping

stage task count
T, e

1 | elimination

1 4
copying 4 0
0 4

2 | elimination

four Compute rowgl) steps per processor. At the end of elimination phase of stage 1, the

processor set {po, p1} holds the independent set of equations {1,3,5,7,9,11,13,15} and the

processor set {ps,ps} holds the independent set of equations {2,4,6,8,10,12,14,16}. The

next phase of stage 1 is the copying phase in which each processor copies the rowfl) tuples of

its set of equations to the neighbouring processor along the 1st dimension of the hypercube.
Thus pg copies the rowgl) tuples of equations {1, 3,5, 7} to p; and p; copies those of equations

{9,11,13,15} to po. Similar copying occurs between processors ps and p3. Stage 2 of the
@)

algorithm consists of only the elimination phase. Thus py executes Compute row;
for 1 = 1,5,9,13, p; executes Compute rowgz) steps for ¢« = 3,7,11, 15, py executes Compute
row? steps for i = 2,6,10,14, and p3 executes Compute rowz@) steps for i = 4,8,12, 16.

7

steps

Thus at the end of logp stages (i.e., elimination phase of stage 2 in the present case) each
processor contains an independent set of equations which can be solved using BGE algorithm

without communicating with any other processor.

The counts of various tasks executed at each stage of the algorithm are summarised in
table 3. The BGE algorithm for solving 4 equations per processor takes Tsgr = 33 com-
putational time units( see section 3.1). Thus the total time taken in the present case is
Thew = 5T, + 8¢+ Tggr units. Substituting the values for 7, and e, we get T},c,, = 2637 time

units.

Thus we see that in the case of N =16, n = 1 and p = 4, our improved mapping of CE
algorithm performs better than the existing mappings of both CR and the CE algorithms.
Further, the existing mapping of CR algorithm performs better than the existing mapping
of CE algorithm due to lower communication overhead. We now present some definitions
and then formally present our improved mapping of the CE algorithm. We then evaluate
its performance by comparing with the existing mapping of the CR algorithm only, since
this mapping fares better than the existing mapping of CE algorithm, as shown in the above

example.

16



4.2 Definitions

e Binary reflected gray codes [9] are a class of codes useful in embedding a ring structure
onto a binary hypercube. Let G(n) denote the set of all n-digit code words of the
base-2 (binary) reflected gray code i.e.,

G(n) ={Go(n),G1(n),...,Gon1(n)}
where, G;(n) ith code word of binary reflected gray code, i € {0,...,2" —1}. Let
1= tplp_1" " t2l1%
in binary with 2, = 0 and
Gi(n) = gngn—1" " 9201
in binary. If @& denotes the exclusive-OR addition of binary bits, then the encoding
function E, :< N >— G(n) is given by
En(i) = Gi(n) = gngn-1--- 01
where
9; =1, D11

forall j =1,2,..., N, and the decoding function D, : G(n) —< N > is given by

Dn(g) =1

where

ij = gji+1® gir2® - D gn.

@

i

0

e p, : send(row ;

py.

, pjf) indicates that processor p; sends contents of row;” to processor

0

. oo . !
e p; : receive(row; ,pjf) indicates that processor p; receives contents of rowg) from

Processor p;.

e neighbour(j, k) indicates the neighbour of processor p; along the kth dimension of
hypercube. If j' = neighbour(j, k) then j is obtained by complementing the kth bit

in the binary representation of j.

17



Let d be the dimension of the hypercube and [ € {1,...,d} be the dimension across

which the hypercube is to be divided into two halves. We define two sets P@%)per and
pWw

lower as

PO ={j|j > neighbour(j,1)}

upper

Pl(l) ={j | j < neighbour(j,1)}

ower

where j € {0,...,p — 1}. Further,

0 _
PO . ={p/2,p/2+1,...,p—1}

PO —{0,1,...,p/2—1}.

ower

In the next two sub-sections the following assumptions hold.

Each processor contains sufficient local memory and no global memory exists.

N/p > 1, where N is the number of rows of blocks in the block tridiagonal linear

system.

All links between the processors of the hypercube are capable of full-duplex communi-

cation.

For each communication step between a pair of neighbouring processors, the startup

time is assumed to be negligible.

Each processor can overlap its computation with the data communication from/to its

neighbours.
Inversion of matrix blocks is done using the exchange method.

The matrix blocks d(l), t=1,..., N, are non-singular at all stages [ =1,...,logN.

i

4.3 Our Improved Mapping of CE onto Hypercubes
Initially, all rowgo), 1 =1,..., N in the block tridiagonal linear system are partitioned into
p/2 sets S%O), Séo), cel, SI(,% of 2N/p rows each such that
0) _ (0) (0) (0)
S; = {mw2(i—1)%+1’T0w2(i—1)%+2’ . ,row%%}

18



i=1,...,p/2.
One copy of each set Sz-(o) is stored in a pair of processors p; and py, j € {0,...,p/2 — 1}
and j' € {p/2,...,p — 1}such that

J= Elogp—l(i —1)
i.e., j = (i — 1)th code word of the binary reflected gray code with logp — 1 bits and
j = neighbour(j,log p)
At any stage [ of the algorithm, we maintain sets CJ(-I) at every processor p; such that

CJ(-l) = {rowz(l_l) | rowz(l)is computed at processor p,}.

For all j € PI(O) let £ = Diogp—1(j) + 1. Thus the members of the set S,(CO) are stored at

ower)

processor p;. Initially, let

Cg('l) = {Towgo) | Towgo) S S/EO) and i € {1,3,...,N — 1}}

i.e., Compute rowgl) step is executed at p; for all odd indexed equations which are members

of the set S,(CO). Similarly, for all j' € P let k = Diog,_1(neighbour(j',logp)) + 1. Then

upper?
C'](.,l) = {rowgo) | rowgo) € S,(CO) and i € {2,4,...,N}}

i.e., Compute rowgl) step is executed at p; for all even indexed equations which are members

of the set S,(co). We now formally present our CE algorithm for hypercubes.

Algorithm 4

(* Cyclic elimination on hypercube *)
1. for j € {0,1,...,p/2 — 1} do in parallel

2 Djs Pj+pj2 * k = Diggp—1(j) +1

3 h =21

4. endfor

5. forl=1tologp—1do

6 (* Elimination phase *)

7 for all j € {0,...,p — 1} do in parallel
8
9

p; : for all ¢ such that ( rowfl) € CJ(-I) ) do
0

Compute row;

10. endfor
11. endfor
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12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.

if (/<logp—1) then
(* Copying phase *)
for j € {0,...,p— 1} do in parallel
D) - S,(cl) = C’](-l)
for all i such that ( row! ™" € CJ(-I) )
send(r OUJZ(Z), Preighbour(jl))
receive(rowy ), Preighbour(j1))
S,(cl) = S,(cl) U {rowgl)}
endfor
endfor
(* Updating C{"*" *)
for j € Pl(_f,)uer and j € P&Qper do in parallel
p; © min = minimumd{s | row e S,(f)}
CJ(-IH) =4
for i = min to min + (% — 1)h step 2h do
C](-Hl) =Cit'y {rowfl)}
endfor
pj imin = minimum{i | row e S%)}
it =¢
for i = min + h to min + Nh/p step 2h do
cUt = o U {rowy
j j
endfor
endfor
endif
endfor

37. (* Obtaining z; *)

38

40.

41.
42.
43.
44.

. for j € {0,...,p—1} do in parallel
39.

p; :if (%>1)then

Solve the independent system of % block equations in

87~ ysing BGE algorithm to obtain

j
{z; | row!*®"™ ¢ C;-logp_l)}

else (* N=p%*)
for all 7 such that ( Towz(l"gp—l) c C](1ng_1) ) do

T; = (d(,Ingfl))—lv(logpfl)

7 [

endfor
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45. endif
46. end

We see that the communication of data occurs in the lines 7-11 (elimination phase) and

lines 14-21 (copying phase). Lines 7-11 for computing rowgl) at processor p; require data

of rowgl__hl), rowgl_l), and rowﬁ:hl). Of the three, rowgl_l) z(l__l)

rowg:hl) are not available on p;, then they have to be brought in from its neighbouring pro-

is available on p;. If row and
cessors. In lines 14-21 of the copying phase, (see figures 7(c),(e)), at every stage [, exactly
% rows of blocks are copied in each direction between every pair of neighbouring processors
along dimension [ — 1 of the hypercube. Again the communication is between neighbouring
processors only. Hence the number of hops in any communication step is no more than one
at any stage of the algorithm.

Note that after logp — 1 stages, the above algorithm switches over to BGE algorithm on
uniprocessor. This is because after logp — 1 stages each processor contains an independent
set of equations which can be solved without communicating with any other processor. S-
ince on a uniprocessor, the BGE algorithm is the most efficient one, switching over to BGE

enhances the performance.

4.4 Analytical Performance Studies

We now derive expressions for the execution time of our algorithm and also the CR algorithm.

4.4.1 Our Improved CE Algorithm

The lines 1-4 take 77 = 3 time units to execute in parallel on p processors. In lines 5-36 the
copying phase of every iteration [ overlaps with the computation phase of (14 1)th iteration.
Thus this step (lines 5-36) takes

T, = mafc{(% — e, Te} + e+
(logp — 2)(max{(% —1)e, %(Te + 1)} +T.+e)+
(T. + (% — 1)max(e, T,) + €) units.

For lines 38-46, T = (%—1)(6—{-8)—{—(2713—712). Thus the total time taken, Typ10; = 11 +To+T5.
Let us look at the communication complexity of our algorithm without considering any over-

lap between the communication and computation steps. The contribution from elimination
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Figure 7: (a) Progression of our algorithm on hypercube for N=16 and p=8
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Figure 7: (b) Progression of our algorithm on hypercube for N=16 and p=8
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phase( lines 7-11 ) alone is (logp — 1)T, and that from copying phase ( lines 14-21 ) alone is
%(log p—2)T,. Thus the total communication complexity of our algorithm is a sum of these

two, given by
N N
((— +1)logp —2— — 1) T, units
p p

where T, = 5n?(C/E), n x n being the size of each block.

4.4.2 CR Algorithm

In reduction phase, the first log(/N/p) stages involve one hop communication of rows of blocks
@
of blocks and (log(N/p) — 1) computations of row” are overlapped. The log(N/p) + 1th
0

1

and N/(p2') computations of row;” (figure 4(b) and (c)). Here the communication of a row

stage involves one hop communication of a row of blocks and one row;’ computation step
in a non-overlapped manner(figure 4(d)). The remaining (logp — 1) stages involve two hop
0

communication of a row of blocks and one row;’ computation step in a non-overlapped

manner (figure 4(e)). Thus the total time for the reduction phase works out to be

Treduction = (6 + 4) IOg(%)-F

S (mar{(N/(p2) — 1)(e + 1), Tob+
(Te+e+4)+ (logp — 1)(2T, + e + 4) units

Similar communication pattern exists for back substitution but in reversed manner. Thus

the time taken for back substitution phase works out to be

Tback substitution — (5 + 3) log(%)'i_
log(&)
S ? ma{(N/(p2) = 1)s, Ty} +
(Ty + s+ 3) + (logp — 1)(2T, + s + 3) units.

Taking a block multiplication step between these two phases into account, the total time
Ter = Treduction + Tmuit + Thacksubstitution- Let us look at the communication complexity
of CR algorithm without considering any overlap of the communication and computation
steps. The contribution from reduction phase alone is (log N +logp — 1)T, and contribution
from back substitution phase alone is (log N + logp — 1)T},. Thus the total communication
complexity of CR algorithm, as a sum of these two, is given by

(log N +logp — 1)(T. + Tp) units

where T, = 5n?(C/E) and T, = n*(C/FE), n x n being the size of each block.
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5 Experimental Results

To evaluate the accuracy of the above analytical expressions, we implemented a hypercube
simulator in C language and compared the speedups obtained from our new mapping of
CE algorithm with those obtained from the existing mapping of CR algorithm. We used
SPARC Classic machines to carry out our simulations. The parameters that were varied
were the number of rows of blocks N (512 and 1024), the block size n (1,2, and 4), the ratio
of communication step to computation step C/E ( 10, 25, 50, and 100), and the number of
processors p(1 to 1024). The figures 8- 13 show the comparison of measured speedups of the

two algorithms for various values of the above parameters. We observe the following facts.

e For N = p our improved mapping scheme for CE algorithm always gives higher speedup
than the CR algorithm.

e Increasing the block size n increases the magnitude of speedups obtained by the two
schemes (see figures 11(a),12(a), and 13(a)). Increasing the number of rows of blocks,
N, shows up a similar trend (see figures 8 and 11, 9 and 12 and, 10 and 13). On the
other hand, as the C/FE ratio increases, the magnitude of speedup reduces in both the
algorithms (see figures 8(a), (b), and (c)).

e The speedup of CR algorithm tends to saturate and even fall as the number of pro-
cessors increases. Such a saturation effect is absent from our algorithm in which the
speedup progressively increases with the number of processors and reaches its maxi-

mum value at N = p.

e The results obtained from the simulation studies compared well with the theoretical
predictions obtained from the analytical method. The small differences between the
speedups obtained from both the methods arise due to the following reason. The ana-
lytical method tries to estimate, as closely as possible, the amount of overlap between
the computation and communication steps. However, the exact amount of overlap de-
pends on various factors such as the C/E ratio, precedence constraints between various
computation and communication tasks, and routing scheme used in the multiprocessor
system. The effect of all these factors on the speedup of the algorithms cannot be

encapsulated neatly into a single analytical expression.
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6 Conclusions

We have proposed a new mapping of the CE algorithm onto hypercube multiprocessors for
efficiently solving the block tridiagonal linear system of equations. This mapping maintains
the same degree of parallelism throughout and uses the concept of data replication to achieve
only neighbouring processor communication at all stages of the processing. We have demon-
strated the effectiveness of our mapping by comparing it with the existing mapping of CR
algorithm onto hypercubes using both analytical and simulation methods. Further work is
possible in the direction of controlling the amount of parallelism in our implementation of
the CE algorithm [5]. In its present form, our algorithm switches to the sequential BGE
algorithm only after logp — 1 stages when each processor has an independent set of equa-
tions which can be solved without communicating with any neighbour. However, switching
over to BGE algorithm at an earlier stage (say k) may lead to further improvements in the

performance of our algorithm. Determining the optimal value of k£ is an open problem.
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